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Abstract

This chapter investigates the comparative growth of iterated transcendental entire functions using the
concepts of (p,q)-th order and lower (p,q)-th order. Several growth estimates are established for iterated
entire functions by applying results from Nevanlinna theory and maximum modulus techniques. The
obtained results extend and generalize earlier studies on the growth properties of composite and iterated
entire functions.
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1. Introduction, Definitions and Notation

Two transcendental entire functions f(z)and g(z)are defined in the open complex plane C. It is well
known [1], {[16], p-67, Th-1.46} that
lim M:oo and |Iim M:oo
r—oco T(r,f) r—oo T(r,g)
Different authors A. P. Singh [13], I. Lahiri [9], Song and Yang [15], Singh and Baloria [14], Lahiri and
Sharma [10], Datta and Biswas [4], [5] and R. K. Dutta [3] proved different results on comparative
growth property of composite entire functions.

In this article, we investigate the comparative growth of iterated entire functions in terms of its (p,q)-
th order which is the generalization of previous results. We do not explain the standard notations and
definitions of the theory of entire functions as those are available in [6], [16] and [17].

The following definitions are well known.

Definition 1.1. The order p; and lower order A-0f a meromorphic function f(z) is defined as

r—>oc  logr

and
A, =liminf 09T (. 1)
f = roe logr
If £(z) is entire then
P :"msuploglogMgr,f)
f = e logr
and
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A¢ =liminf loglogM(r, T)
ImInt ™ ogr

Notation 1.2. [12] Iog[o] X = X, exp[o] = X and for positive integer m,

loglMl x = 1og(loglM— x), exp[m] X = exp(exp[m_l] X) .
Definition 1.3. [7] The (p,q) -th order P (9.0) and lower ( p,q)-th order A¢ (P,Q) of a

meromorphic function f(z) is define as

) [p—1]
P (p.q)=limsup 09>~ T(" 1)
r—>00 logt%r

and
olP T (r, f)
logl@l r

2, (p,q) =liminf 10
r—o0

If £ (z) is an entire function then
loglPIM(r, f)

P (p,q)=limsup
r—>00

and
[p]
4, (p,q) = liminf 109 =M(r. f)
where P> (.

Clearlypf (21)=p, and A(21)=A4,.

According to Lahiri and Banerjee [7] if f(Z) and g(z) are entire functions then the iteration of f
with respect to § is defined as follows:

f1(z2)=1(2)
f, (2)=1f(9(2))=f(9;(2))

according as n is odd or even,
and so
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gl(Z)=g(Z)

9, (2)=9(f(2))=9( f(2))

95(2)=9( f5(2))=9(f(9(2)))

an(2)=9( f,_1(2))=9( (g, _5(2))}.
Clearly all f,(z) and gn(z) are entire functions.

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [6] Let  (Z) be an entire function. For 0< r < R <oo, we have

R+r
R—r
Lemma 2.2. [1] If f (Z) and g ( Z) are any two entire functions, for all sufficiently large values of r,

M (%M (%,g)—‘g(o)‘, fjs M (r, fog) <M (M (r,g), f).

Lemma 2.3. [11] Let T (Z)and §(Z)be two entire functions. Then we have

T(r, fog)z%logM [%M (%,g}ro(l), fj_

Lemma 2.4. Let (Z)and J(Z)be two entire functions of non- zero finite (p,q)-th order Ps (p,Q)

T(r,f)<log"M(r, f)<

T(R, f).

and O, ( P, C]) respectively, then forany £ >0 and p>q,

Iog[(n_1) p-(n-2)q ME )< (pf(p,q)+a)|og[q]M(r,g)+0(1) when n is even,

(Pg ( p,q)+g)log[q] M(r,f}+O(1)  whennis odd

for all sufficiently large values of r.

Proof. First suppose that n is even. Then from second part of Lemma 2.2 and Definition of (p,q)-th order,
it follows that for all sufficiently large values of r,
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M (r,fn)<M (I\/I(r,gn_l} f ]
ie., logrIM(r,f,) <log PIM(M(r,g,4)f)
<(p.(payrs)logldIM(r,g, 4).

So, Iog[ p+1}M(r, fnj < Iog[qﬂ} M[r,g(fn_z))mm

og P9y (r,fa)< logM (r,g(fn_2))+O().

Taking repeated logarithms p-1 times, we get

2p-q] M (r, f)< log' PIM (M (r, fi0)9)+0Q@)

<(pg (p.a)+&)log M (r, _,)+0W)

log

ie., Iog[2 p+1-q] M(r, fr)< Iog{qﬂ} M (r, fn_2j+0(1)

2p+1-2
logl2 P24 (1, 1)< log M (1., 5 J+OW.
Again taking repeated logarithms p-1 times, we get
logt*P=241 M (r, fn)<(p; (p,q)+&)log /M (r.g, 3)+O0W.
Finally, after taking repeated logarithms (n-4)p times more, we have for all sufficiently large values of r,
10gl" P2 M (v, 1) < (o (p,a)+2)logd M (r,g)+O(D)
Similarly if n is odd then for all sufficiently large values of r,

logt®DP=0=2U M (r, fy) <(pg (P,q)+¢) log 9/ M (r, £)+O().
This proves the lemma.

Lemma2.5. Let f (Z) and g(z) be two entire functions of non -zero finite lower (p,q)-th order
A (p.q) and A, (p,q)respectively, then for any

O<g<min{/1f (p,9), /Ig(p,q)} and p>q,

(/If (p,q)—g)log[q] M [rl,gj+0(1) when n is even
Iog[(n_l) p_(n_z)q] M (r, fn) > Zn_

(1g(pa)-¢)iogl9Im [nrl f j+0(1) when nis odd,
nE

for all sufficiently large values of r.
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Proof. First suppose that n is even. Then from first part of Lemma 2.2 we have for all sufficiently large
values of r and for anyQ < ¢ < min{,’tf (p.9), ,19 (p.q)},

M(r,fnh)=M (r, f (gn_l))
>M(gM(5.9n 4 )-[90 1) |
=M (116 [E’gn—l]’f}

g Iog[ Plm (r, fn)z(/lf (p,q)—gjlog[q][lleSM (E’gn—lﬂ’

using the Definition 1.3,
ie., Iog[ Pim (r, fn)z(/lf (p,q)—g}log[q} M (g,gn_1)+0(1)

e log "L (ANE 10g 7 M (5:9(1, ) |+0

M(r, fy)> IogM{16 (Zz,fn_zj,gJ+O(1).
Taking repeated logarithms p-1 times, we get

Iog[2p q]M(rf )>Iog[p+1]M£ [

le., Iog{ P

o jg}oa)
2(/1g(p,q) )Iog[q][%M(zg,fn_zJ}+O(l)
Iog[2 p+l-2q] M (r, fn)zlog M {Zrz f 2J+O(1).

Again taking repeated logarithms p-1 times, we get

Iog[2 p-2q] M(r, fn)ziﬂf ( p,q)—ngog[q

[E—"

_116|v| £2r3,gn_3H+0(1)
z(lf (p,q)—gjlog[q]M 2r3,gn_3J+0(1).

Finally, after taking repeated logarithms (n-4)p times more, we have for all sufficiently large values of r,

[(n-1) p~(n-2)q] _ [all f vl "
og M (r, fn) 2(/1f (p.q) g)log [16 M (zn—l , gﬂ+0(1)

ie., Iog[(n_l)p_(n_z)Q]M(r, fn)z(/lf(p,q) )Iog[q] (2 j+0(1)

Similarly if n is odd then for all sufficiently large values of r,
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logl("DP-(=2)al 1 (r, 1) >(1g (p.a)—zlog VM [an_lf }+0(1).

This proves the lemma.

Lemma 2.6. Let f(z) and g(z) be two non- constant entire functions, such that

0<pf (p,q)<oo and o<pg ( p,q)<oo_Then for all sufficiently large r and £>0,

|og[(n—1)p—(n—2)q—1]T(r’ ()< (pf(p,q)+8)log[q]M(r,g)+0(1) when n is even,

(pg(p,q)+g)log[q] M(r,f}+O(1) when nis odd

where p> Q.
The lemma follows from Lemma 2.1 and Lemma 2.4.

Lemma 2.7. Let (2) and g(2) be two entire functions such that O<ﬂ,f (p,q)<oo and

0<A,(P,q)<oo. Thenforany £(0 <& <min{Z, (p.q), Ag(P,q)})and p>q,

(if (p,q)—g)log[q] M[nr_l,g}rO(l) when n is even,
Iog[(n_l) p_(n_z)q_l]-l-(r’ fn) > 4
(Ag(p,q)—g)log[q] M(rlrl,f}O(l) when nis odd
=

for all sufficiently large values of r.

Proof. To prove this lemma we first suppose that n is even. Then from Lemma 2.1and Lemma 2.3 we get
for any £(0<&<min{A, (p,q), ,19 (p, q)}) and for all sufficiently large values of r,

1

 log P }T(r, fn)zlog[p]M(gM( ,gn_1j+0(l),fj+0(l)

> (ﬂ,f (p, q)—gjlog[q} E M G gn_lﬂ+o(1)
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> (ﬂf ( p,q)—g)log[q] M G gn_l}r 0o@)
(4 (p,q)_gj.og{q‘lh(g,gn_1j+0(1)

0
z(zf (p,q)—gjlog{q LiogMm [%M (4L2 fn_2}+0(1),gﬂ+0(1),

[

3
e., logtPIT (1, )2 10l 9 M v [4“2 fn_2}+0(1),gJ+0(1)
ie., loglP=dlr(r, fn)zlogM[é [42 i ]+O(1),gJ+O(1)

ie., logl2P—0lr r, )>Iog[p]M[% Ty _2J+0(1),9J+0(1)

4
z(zg(p,q)—g)log[q] élvluz,fn 2J+0(1)]+0(1)
z(ﬂg(p,q)—g)log[q] éM £4r2 fn_2H+O(1).

i.e., Iog[2 p_:I'_Q]T(r, fn)z(/lg ( p,q)—g)log[q] M (4"2 fn 2]+O(1)

- 1ogl("DP-("=2)a-Tlp fn) = (4 (p,q)-¢)log 4/ M g |+O(l) when n iseven.Similarly,

\_/

4N 1

/_\\

10gl " DP =20y r 1) > (24 (p.a)-2)10g U (ﬁ f]+0(1) when nisodd. This

proves the lemma.

3. Theorems
Theorem 3.1.Let a, b, ¢, d, p, g, m and n be eight positive integers withp>qg, m>n,a>b, c>d and f,

g, h and k are four transcendental entire functions such that 0<ﬂh(a,b),/11<(0,d)<00 and

0< p;(p,0), p,(P,0) <0.Then for P, (m,n)<4.(c,d) and i, j are even, also p; (M,N) <4, (c,d) and i,

j are odd,
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(i) lim 'Og[(j_l).a_(j_z_)b_l]T(eXp["‘“ r.h)
LN (Ve (AT
(i) lim logtUV21=2 A ey )
L (N R T e
. |Og[(j_l)(a_b)""c_z]'r(exp[d—l] r.h)
S (N (ST Wt
logl(=D@-0)+6=2r gumany 1y
@)lim =) | Og[(i—l)(p—q)+m—(2].|.ir1 0 L

=w if g>mandb<c;

=oo if g<m andb <c;

=oo if g>2m andb >c;

= if g<mandb>c;

where f,(Z)=f(g(f.............. (f(z)or g(z))......... ), according as i is odd or even and
h (z)=h(k(h.............. (h(z) or k(z))......... ), according as j is odd or even.

Proof. From Lemma 2.6 we have for all large r and & > 0,

Iog[(i—l)p—(i—Z)q—l]T(r’ ) (Pf(p,q)+8)log[q]M(r,g)+0(1) when i is even,

(/)g(p’q)”)'og[q]M(r’f)+o(1) when 11is odd. (.

Case - I. If §2M then we have for all sufficiently large values of r,

logi M (r,g) <log™ I M(r, g)
<exp[(p, (m,n)+¢)log™ r] from the Definition1.3

<exp[(p,(m,n)+e&)logr]

< p (ome) .. (32)

If i is even then from (3.1) and (3.2) it follows for all large r and & > 0,

jogldDP~(=2)a-t ¢ f)< ( pi (P, q)+g)r ML ().
.. (33)
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Similarly for odd i,
Iog[(i—l)|0—(i—2)q—1]T(lr’ f) S( ,Og(p,q) + g)r (pr (mn)+e) +O().

(34
Case - 1. If g < m then we have for all sufficiently large values of r, Y
log™ M (r, g) <exp™ @ log™ M (r, g)
<exp™[(p,(m,n)+¢)log™ r] from the Definition1.3
<exp™ [(p,(m,n)+¢)logr]
... (3.5)

< eXp[m—q—l][r (pg(m,n)+6)].

When i is even then from (3.1) and (3.5), it follows for all large r and & >0,

jogh P72 r 1 < (pr (p.g)+e)exp™ 0 BTV 0(1)

i, 1ogl! P20y gy coxpimadlp M) o)
ie IOg[(i—l)p—(i—Z)q+m—q—2]T(n fi) <r (P (m,n)+6)_|_o(1)
ie Iog[(i_l)(p_q)+m_2]T(r, fi) <r (pg (m’n)+5)+0(1). ... (3.6)

Similarly for odd i,

gl DP-a)+m=21, £)y<r (Pemn+2) L O ().

(3.7)

Also from Lemma 2.7 we have for all sufficiently large values of r and

O<e<eg =min{;(ﬁk(c,d)—pg(m,n)), ;(ﬂh(c,d)—pf (m,n))}
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[d-1]
(7n(ab)-2)logl? M eXpn : "k [+0(1) when j is even,
._ _ ._ _ 4 .
loglJ12-(1=2)b 1]T(exp[d‘1]r,hj)z
[b] exp[d 1]r .
(% (ab)-¢)logl®IM N [+O(1) when jis odd.
4

(3.8)

Case - I1. If b < c then we have for all sufficiently large values of r and arbitrary small £(0< & < g'),

Iog[b] M Lexp[dl]r’kJ > exp[c_b] Iog[c] M (e)(p[:ll]r,k}
4N—

> exp[c_b] (A (c.d )—g)log[d ]{wli[rcll__ll]q

> exp[c_b] [(ﬂk(c,d )—<)log r} +0()

[c—b-1] r(/lk(c,d)—g)

= exp +O(1).

(3.9)

Therefore from (3.8), (3.9) and even J, it follows for all large r and £(0< & < g'),

joglli-Da j—2)b—1].|_(exp[d 1] r,hj) 5 ( A ( a, b) _ 8) exp[C—b—l] r(ﬂbk(c,d)—e) +0().

(3.10)
Similarly for odd i,

oglli-Da-(i-2b-11, (exp[d—l] hi ) § ( 7 (a,b)- €)exp[c_b_l] r(zh(c,d)—g) Lo

(3.11)

Case - IV. If D>C then we have for all sufficiently large values of r and arbitrary small 8(0 <e< 8'),
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o], [expld 1 <], [c],, [expldHr
log~ - M 4n—1’k > log log" ' M 4n—1’k

4n—1

_ d—1
> Iog[b d (/Ik(c,d)—g)log[d]LGXp[]rJ
from the Definition1.3

> Iog[b_c] [(zk(c,d)—g)log r] +0()
B Iog[b—c+1] ((c.d)-2)

+ O().

(3.12)

Therefore when j is even then from (3.8) and (3.12), it follows for all large r and 8(0 <e< 8'),

oglU=02-(=2bA 7 @yt ;) z(ﬂh (a,b)- )Iog[b ol p (0L (1)

e. togl UV U0 rexpl > oo r 4191 01

J-Da-(j-2)b-b+c-2]

ie. logl Texprh) > Gledra) L O(1)

ji-1)(a-b)+c-2]

ie. logl Texpl ™y )T Gledl2) L 0 ().

(3.13)
Similarly for odd j,

logld D(@D)+C=2] 1 gyl n)=T (h(ed)- 1 O(1).
(3.14)

Now combining (3.3) of Case | and (3.10) of Case Il it follows for all sufficiently large values of r that

: : >
Iog[('_l)p_('_z)q_l]T(r, fi) (,Df (p,q)_hg)r (pg (m,n)+€)+o(1)
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Since p, (m,n)+g</1k(c,d )—6‘ so we have

] |og[( J _1) a_( J _Z)b_l]T(exp[d _1] r’hj )
lim

e gl DP-(-Da-T 7y
Similarly from (3.4) and (3.11) we have for o, (M,N)+& <4, (c,d )—5
|0g[(J_1)a_(J_Z)b_l]T(exp[d_l] r’hj )
lim = o0,

r—ow |Og[(|_1) p_(l_z)q_l]'r(r’ fl)

This is the first part of the theorem.
Again combining (3.6) of Case Il and (3.10) of Case Il it follows for all sufficiently large values of r that

.og[(j—l)a—(j—2>b—1]T(eXp[d—1]r,hj) (
>

ﬁh(a,b)—g)exp[c_b_l] (A(cd)-e )+O(1)
r (Pg (MN)+2), 0 |

|Og[(i—1)(p—CI)+m—2]T (r, ;)
Since o, (M,N)+& < ﬂk (C,d )—Eso we have

] |Og[( J_l) a_( J _z)b_l]T(exp[d _1] r’hj )
lim

ron ol DO-D+m=2I1(r 1y
Similarly from (3.7) and (3.11) we have for P, (m, n)+g < /1h (C, d )—8
|Og[( J_l) a_( J _z)b_l]T(exp[d _1] r’hj )

Iim = o0.

r—oo |Og[(|_1)(p_q)+m_2]'|'(r, fl)

This proved the second part of the theorem.

Now combining (3.3) of Case | and (3.13) of Case IV it follows for all sufficiently large values of r,
|og[(j_l)(a—b)+c—2]T(eXp[d —1] I’,hj ) r(ﬂk(c,d )—8)+O(1)
. . > .
Iog[('_l) p—(-2)a-1]¢ (r,f;) (,Df ( p,q)_hg)r (pg (m,n)+3)+o(1)

Since p, (m,n)+g</1k(c,d )—830 we have
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|og[(j_l)(a_b)+c_2]T(exp[d _1] r’hj )
lim

T (AT (R T e

= 00,

Similarly from (3.4) and (3.14) we have for o, (M,N)+& <A (c, d )—5

 toglli D)ooty
lim ol DP-(-2a-T ;1

= 00,

This is the third part of the theorem.

Again combining (3.6) of Case Il and (3.13) of Case IV it follows for all sufficiently large values of r,

logl j"l)(a_b)+c_2]T(eXP[d B r.hj ) (A(cd)-e )+O(1)
oG- M2l )

r (pg(MN)+e) 0@y

Since p, (m,n)+g</1k(c,d )—Sso we have

|0g[(j_l)(a_b)+c_2]T(exp[d _1] r’hj )
lim

mon logl0-DP-0#m=2Ir o

= 00,

Similarly from (3.7) and (3.14) we have for o, (M,N)+& <A (c, d )—g,

) |Og[( J _1)(a_b)+c_2]'|'(exp[d _1] r1hj )
lim 10l (DG-arm=2T7 (1

This proved the fourth part of the theorem.
This proves the theorem.

—= 00,

Remark 3.2. The conditions /4,(a,b), 4.(c,d)>0; p;(p,q), p,(p,q) <o and p,(M,N)<4(c,d)
necessary for Theorem 3.1, which are shown by the following examples.

Example 3.3. Letf=g=h=expzand k =exp(z®). Alsoleta=3;p=m=c=2=jandgq=n=b=d
=1.

Then p; (20 =1 p,(2)=1<2=4(21) and 4 (31 =0.

Now f; :exp“] Z foralliand h, =eXp[2](ZZ)-

Therefore
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3T (2r, fi)z logM (r, f. )=exp[‘—1] r
ie.T(r,f, )Z%exp[i—l]g
and
T(r,h)<logM(r,h )=|Og(exp[2]r2j:exp(r2).
Therefore

log21T (r,h,) _ logexp(r?)
logfi-UT (r, fi) Bl Iog[‘”[lexp[i”r}

3 2

4logr
<
r+0(@)

—>0#00 asr — oo,

Example 3.4. Letf=h=k=expzandg=exp(z?). Alsoletp=m=a=c=2=iandgq=n=b=d=
1.

Then ;2D =1 p,(2)=2>1=4(21) and 2,21 =1

Now f2 =eXp[2](22) and hj =9Xp[” Z forall i,

Therefore
3T (2r, f,)=logM (r, f,)=expr?
2
_ 1 r
e T(r,f )>5exp—
( 2) 3 P 4
and
T(r,h)<logM(r,h,)= Iog(exp[j] rj:exp[j‘” r.
Therefore

logh-UT(r, hj) < logli-Yexpli-dr

logT(r, f,) _I 1 r2
og| —exp -
: 3 p2

4r

<
r’ +0(1)

—>0#0 asr - oo,

If we consider i = 3 then f, =exp'™ (exp 2)2 and p; (2D =1=4(22).
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Therefore

Iog[J'—llT(r,hj)< logli-Jexpli-Ur

logl?IT (r, f.) 1 )2
logt?! (expj
3 2

—>1#00 asr — oo.

r
S r+0Q)

Example 3.5. Let f =exp[2] Z,g=h=expzandg=exp(z®). Alsoletp=m=a=c=2=iandq=n=
b=d=1.
Then p;(2,1) = oo, pg(2,1):1<2:ﬂk(2,1) and 4,(2,1) =1.

Now f; =exp™?z for eveniand h, _eXp[z]( )

Therefore

and T(r,h,)<logM(r,h )_Iog(exp[zl )J xp(rz).
Therefore

logT(r,h) - Iogexp(rZ)
logl 4T (r, f)

logl'] ;exp[gI }2

I..2

< - —>0#w asr—ow.

i
exp[ 2} %+ o®

Theorem 3.6. Let f, g be two entire functions such that 0<A,(p,q)<p;(p,g) < and

0<1g(p,(]) Spg(p,q) <00 and ﬂg(m,n) >0 where p, g, m, n are positive integer with p > g and m > n.

Then for any positive integer |,
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0l -DP=(-2 1y oy, 1)

(i) lim =0 if I <q<m;

Iog[ P+, (expr,g)
(ii) limsup logl ! p_(il_z)q] M (exp™ ™, f)
e Iog[pJr Iy (exp!r, f)
[(1-1) p—(i-2)q] 1
i limsup 129 ; M (exp™r, 1,
o Iog[pJr Im (exp™r, f)
Iog[(i_l) p-(1-2)al (exp™ir, f)
H‘” Iog[ P+l (exp"r,g)
Iog[(i_l) p—(i-2)a] M (exp T, )
o Iog[ P+l (exp"r,q)
[(1-1) p—(i-2)q] -
(Vi)"msuplog h M (exp"Hr, )
. loglP~4H 1\ (expii 1, g)
[(i-D)(p-a)+m-1] "1
(i lim log : M (exp"Hr, )
e Iog[p+ Iy (exp"r, )
(viii) lim logl ! p_q)1+m_1] M (exp"r, f)
o Iog[er In (expr, f)

Proof. From Lemma 2.5 we have for sufficiently large values of r and

O<g<g'=min{;(ﬂk(c,d)—pg(m,n)), ;(ﬂh(c,d)—pf (m,n))}

22 (P,4) 4, (m,n)if I <g<mand eveni;

>2,(p,q)4; (m,n)if I <q<mand oddi;

=wifg<mand g<lI;

22 (P, )4, (M, n)if I >q=m and eveni;

>2,(p,q)A;(m,n)if I >q=mand oddi;

=owif q>mandq>1;

=o if I >q>m.

(ﬂf ( p,q)—s)|og[q] M [exz[:ll] )

,0 +O(1) wheniis even,

[(i-) p-(i-2)q] -1, -
log M |exp rfi)>
( I) expl™

(/Ig(p,q)—g)log[q] M[

,f +O(1) wheniis odd.
2n—1

(3.15)
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Case-1. Let 0 <M then for sufficiently large values of r,

> exp[m_q] [(ﬂg (m,n)—g)log r} +0(1)

[m-a-4] [g(mn)-e)

= exp +0(2).

(3.16)

When i is even then from (3.15) and (3.16) we have for all large values of rand 0 < & < 8',

ogl-0p--2 (exp[n—l] . fi) § ( 4 (p.0)- g) WL r(ig(m,n)—g) o0

(3.17)
Similarly for odd i,

og[(-0p-(-2l (exp[n—l] . fi) § ( 4, (p.0)- 5) o™ r(if (mn)-z) o0

(3.18)

Case-I1. Let g > m then for sufficiently large values of r,

Iog[q] M {exp[:_ll]r’gJ > Iog[q_m+1] r(ﬂg(m,n)—g) +0().
-

(3.19)

When i is even then from (3.15) and (3.19) we have for all large values of r and 0 < & < 8',

o 0P E-20y (00 ) (4 (.0) - oo™ Lalmnye) o

e log(-0 P21 (exp[”‘ll ) fi) o g[q—m+2] r(/lg(m,n)—g) o
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o (VP o ) (iglmare)

(3.20)
Similarly for odd i,

TP o] ) fa(moye) o

(3.21)
Again from the Definitions 3.1 we get for all large values of r,

logtP M (exp[']r,f)g (,of (p,q)+g)log[q] (exp[']r)+0(1).
Case-111. If § =1 then for all sufficiently large values of r
0P (expmr,f)S ( 5, (p,q)+5)|og['] (exp[l]r)
=(p: (p.a)+e)r

€. Iog[p+1] M (exp[I:I r,f ) <logr+0(1).

Case-1V. If g < | then for
(3.22)
all sufficiently large values of r

logtPI (exp[l]r,f)s (,of (p,q)+g)exp["q] r
L.e. Iog[p+1] M (exp[l] r, f) = exp["q‘l] r+0()

€. Iog[p_q+l+1] M (exp[l:I r,f ) <logr+0(1).

Now combining (3.17)
(3.23)
of Case-I and (3.22) of Case-I1I it follows for all sufficiently large values of r,
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1ogl-0P~-2]y e ) (if(p,q)_g)exp[m-q-ﬂ (glma-e)
Iog[p+1]M(eXp“]r 0) log r +0()
If g < mthen

logl(—D P=(1-2)a] yy (exprur, 1)

li 'f =0
S o P e g
|—1 —(1-2 1]

o +1
r- |Og[ p ] M (exp['] g)
This is the first part of the theorem.
If g=mand i is even then

|og[(I 1)p (I Z)q]M(exp . fl) ( ( ) g)(/ig(m,n)—g)lognoa)
Iog[p+1]M(eXp['] r,q) logr+o() '

Since & >0 is arbitrary,

[(-1) p—~(i-2)q] -
limsup 09 M (exp™™r, f,) >, (P,9) A, (m,n).

r—o0 Iog[ p+1] M (exp[l] r, f)
Similarly for odd i;

ogl(=D P=(1-2)a] y expra ),

Iimsup

o Iog[ P+ (expr, f)

This proves the (ii) and (iii).

4, (p,9)A; (m, n).

Again in view of (3.17) of Case-1 and (3.23) of Case-1V it follows for all sufficiently large values of r,

10gl-DP=(-2)a] yy (exprra f) ( (p.0)- g)exp[m—q—l]r(ﬂg(m,n)—g)Jro(l)
Iog[p q+|+1]M(exp“]r 0) logr +oq) '
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Ifg<mandqg<Ithen

g[(l —1) p—(i—2)q] M (exp™ir, f.)

li 'f =0

rl—>r2In |Og[p q+|+1] M (eXp['] g)
ogl(—D P—(i-2)q] -1

e. Iim M(exp™™r, 1) = o0,

o Iog[p AT\ (exptir, g)

This is the fourth part of the theorem.

Ifg=mandqg<Ilandiiseventhen

|Og[(|_1)p (- 2)q]M(eXp[”‘”r, f) ( (p.a)-¢)(4, (mn)-z)logr +oq
Iog[p q+l+l]M(exp[”r ) logr +0()

Since & > 0 is arbitrary,

"msup Og[(l_l) p_(l_z)q] M (exp[n—l] r, fl)
Fo0 [ p—g-++]1] 0
log M (exp''r,g)

> 2, (P, 6) 2 (M)

Similarly for odd i,

Iog[(l_l) U2y (©p™7r ), (P @)4; (m,n)

limsup

= gl Py expu v, )

This proves the (v) and (vi).
Again in view of (3.20) of Case-I1 and (3.22) of Case-1ll it follows for all sufficiently large values of r,

IOg[(I —1)(p—qg)+m 1]|\/|(exp[”‘”r, f.) (19 m.n)-¢ )+0(1)

|Og[ p+1] M (exp[” I, f ) |Og r+0(@)
S g[(l —1)(p-g)+m-1] M (exp™ i, f) _
I.e. I|m|nf 1
o logt P m expir, £)
o ||m [(I_l)( P— q)+m 1] M (exp[n—l] r, fl)
. Iog[p+1] M (exp"'r, f)

This is the seventh part of the theorem.

Again in view of (3.20) of Case-Il and (3.23) of Case-1V it follows for all sufficiently large values of r,
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Iog[(l —1)(p—a)+m 1]M(exp[“‘”r f). (2g(mn)-z) o)

|Og[ p q+|+l] M (exp[” r, f ) IOg r+0(@)
e lim |nf (21 =0
o Iog[p a+1-+1] (exp™r, f)

o Iog[p OIJrI“Ll]M(exp[”r f)

This is the last part of the theorem.

This proves the theorem.
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